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Hierarchical Clustering

Hierarchical clustering:

» Clustering using a hierarchy of clusters Loomis &

Romz

May be represented in a tree structure (dendrogram)

Introduction

>
» Root - a single cluster containing all observations
>

Leaves - individual observations.
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Two Distinct Approaches: Roman
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» Agglomerative (bottom up, clumping)
Start with n singleton clusters Introduction
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Loomi

Two Distinct Approaches: Roman
» Agglomerative (bottom up, clumping)
Start with n singleton clusters Introduction
Successively merge (“clump”) clusters
Computation from one level to another generally simpler
For small number of clusters, takes many iterations
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» Divisive (top down, splitting)

Start with one cluster

» Successively split clusters

» Single iteration is more expensive

» With fewer clusters, fewer iterations

v




Agglomerative Clustering Algorithm

1 c, ¢+ n

2 D;+ {x;} where i=1,...,n [
3 doc—c¢—-1

4 find nearest clusters D;, D;

5 merge D; and D;

6 until c =¢

~

return c clusters




Agglomerative Clustering Algorithm

1 c, ¢+ n

2 D;+ {x;} where i=1,...,n [
3 doc—c¢—-1

4 find nearest clusters D;, D;

5 merge D; and D;

6 until c =¢

7 return c clusters

How do we determine which two clusters are nearest?




Properties of Distance
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v

Distance is non-negative.
> D(X,y) Z 0 Distance

D(x,y) =0 if and only if x = y.

vy

Distance is symmetric.
> D(x,y) = D(y,x)

Distance satisfies the triangle inequality
> D(x,z) < D(x,y) + D(y, 2)

v




Distance Measures—Between Points

Lo s &
Let )<_i — [ X171 X172 . X17n ]T and Romanczyk
= T
x=[x1 X2 - Xon]
Name Formula

Distance

Manhattan di(x1,%) =D 11 Ix1i — x2.il

Euclidian da( )= \/27:1 Ixt,i — x2,i|°

P-norm dp(X1, %) = />0 |x1,i — x0,il”
)

=y (i 2
- =1 o

Statistical ds(x1, X2

Mahalanobis | dm(xi,%) = /(x1 — D)X 1% — )T
. = = - T =
Cosine de(%i,%2) = Mfpriar

Chebyshev dc(Xl, X2) = maX(’X]_,,' — Xg’i‘)




Distance Measures—Between Clusters

Single Linkage dw,v),w = min{dy,w, dv w}

dr s

Complete Linkage d(U,V),W = max{du,W, d\/,W}

dr5

Average Linkage dw,vyw = —NgoNm
2 5

DD dij 1 e

i=1 j=3 2
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Data
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X y
-1.4833 -0.5745
-1.0573 -0.7131
-1.8613 -0.1988
-0.0784 -0.3186
-1.1796 -0.3535

1.4692  0.0054
1.2185 0.1419
1.2315 0.1564
0.9236  0.4333
1.4556 -0.2758

Example




Example
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Cluster distances using single linkage. lteration: 1

1 2 3 4 5 6 7 8 9 10
1000 045 053 143 038 3.01 280 281 261 295
2| 045 000 095 106 038 263 243 245 229 255
31053 095 000 179 070 334 310 311 286 3.32 [EINERvRes
4143 106 179 000 1.10 158 138 139 125 153
51038 038 070 110 0.00 267 245 246 225 264
6 | 301 263 334 158 267 000 029 028 069 0.28
7128 243 310 138 245 029 0.00 0.02 041 048
8281 245 311 139 246 028 0.02 0.00 0.41 0.49
9261 229 286 125 225 069 041 041 0.00 0.89

10 | 295 255 332 153 264 028 048 049 089 0.00




Example
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Cluster distances using single linkage. lteration: 2

1 2 3 4 5 6 9 10 11
1000 045 053 143 038 301 261 295 280
2045 000 095 106 038 263 229 255 243
31053 09 000 179 070 334 286 332 3.10 S:L. Dist. Matrices
4| 143 106 179 000 1.10 158 125 153 138
51038 038 070 110 000 267 225 264 245
6 | 3.01 263 334 158 267 000 069 028 0.28
9261 229 286 125 225 0.69 000 089 041
10 | 295 255 332 153 264 028 089 0.00 0.48
11 | 280 243 310 138 245 028 041 048 0.00




Example
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Cluster distances using single linkage. lteration: 3

1 2 3 4 5 9 11 12
000 045 053 143 038 261 280 2095
045 000 095 106 038 229 243 255
053 095 000 179 070 286 3.10 3.32
143 106 179 000 110 125 138 153
038 038 070 110 000 225 245 264
261 229 286 125 225 000 041 069
2.80 243 310 1.38 245 041 000 028
295 255 332 153 264 069 028 0.00

S.L. Dist. Matrices
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Example
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Cluster distances using single linkage. lteration: 4

1 2 3 4 5 9 13
0.00 045 053 143 038 261 280
0.45 0.00 0.95 1.06 0.38 2.29 2.43 S.L. Dist. Matrices

053 095 000 179 070 286 3.10
143 106 179 000 1.10 125 1.38
038 038 070 1.10 0.00 225 245
261 229 286 125 225 0.00 041
280 243 310 138 245 041 0.00
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Example
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Cluster distances using single linkage. lteration: 5
| 2 3 4 9 13 14

21000 09 1.06 229 243 0.38 oL Dist. Matrices
3109 000 179 286 3.10 0.3 luster P
4106 179 000 125 138 1.10

91229 286 125 0.00 041 225

13 | 243 3.10 138 041 0.00 245

14 1 038 053 110 225 245 0.00




Example
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Cluster distances using single linkage. Iteration: 6
| 3 4 9 13 15
000 179 286 3.10 0.53 S.L. Dist. Matrices
1.79 000 125 138 1.06
2.86 125 0.00 041 225
310 1.38 041 0.00 2.43
053 106 225 243 000
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Example
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Cluster distances using single linkage. Iteration: 7
| 3 4 15 16

3 0.00 1.79 0.53 2.86 S.L. Dist. Matrices

4179 000 106 1.25

15 | 053 1.06 0.00 2.25

16 | 2.86 125 225 000




Example

Loomis

Roma

Cluster distances using single linkage. lteration: 8
‘ 4 16 17 S.L. Dist. Matrices
4000 125 1.06
16 | 1.25 000 225
17 | 1.06 225 0.00




Example
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Cluster distances using single linkage. lteration: 9
‘ 16 18 S.L. Dist. Matrices

16 | 0.00 1.25
18 | 1.25 0.00




Example-Linkage Step 1
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Example-Linkage Step 2
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Example-Linkage Step 3

0.6

04

0.2

9%
L [
|
I
I
[
L
Las H
10%
4%
5%
|- 1* -
2%
L L L L L
15 Bl 05 0 0.5 15

Single Linkage

Average Linkage

Cluster Plots




Example-Linkage Step 4
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Example-Linkage Step 5
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Example-Linkage Step 6
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Example-Linkage Step 7
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Example-Linkage Step 8
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Example-Linkage Step 9

0.6
Loomis
Roman
04+
02+
ol

Cluster Plots

Single Linkage Average Linkage




Example-Linkage Step 10
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Example-Single Linkage Dendrogram
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Example—Total Linkage Dendrogram
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Example—Average Dendrogram
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Example—Dendrogram
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Example

Single Linkage

Complete Linkage

Average Linkage
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dist. action dist. action dist. action

0.0195 {8,7} — 11 0.0195 {8,7} — 11 0.0195 {8,7} — 11

0.2816 {10,6} — 12 0.2816 {10,6} — 12 0.2816 {10,6} — 12

0.2816 {12,11} — 13 | 0.3757 {5,1} — 13 0.3757 {5,1} — 13

0.3757 {5,1} — 14 0.4146 {11,9} — 14 | 0.3836 {12,11} — 14

03798  {14,2} — 15 | 0.4480 {13,2} — 15 | 0.4139  {13,2} — 15 (..
0.4141 {13,9} — 16 0.8865 {14,12} — 16 | 0.6021 {14,9} — 16

0.5330 {15,3} — 17 0.9544 {15,3} — 17 | 0.7288 {15,3} — 17

1.0553 {17,4} — 18 | 1.5812 {16,4} — 18 | 1.3430 {17,4} — 18

1.2528 {16,18} — 19 | 3.3368 {17,18} — 19 | 2.4741 {16,18} — 19
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Example
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Cluster distances using total linkage. lteration: 1

1 2 3 4 5 6 7 8 9 10
000 045 053 143 038 301 280 281 261 2095
045 000 095 106 038 263 243 245 229 255
053 095 000 179 070 334 310 311 286 3.32
143 106 179 000 110 158 138 139 125 153
038 038 070 1.10 0.00 2.67 245 246 225 264
301 263 334 158 267 000 029 028 069 0.28
280 243 310 138 245 0290 000 002 041 048
281 245 311 139 246 028 002 000 041 049
261 229 286 125 225 069 041 041 000 0.89
295 255 332 153 264 028 048 049 089 000 [RESIESVEEE
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Example
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Cluster distances using total linkage. lteration: 2

1 2 3 4 5 6 9 10 11
1000 045 053 143 038 301 261 295 281
2| 045 000 095 106 038 263 229 255 245
31053 09 000 179 070 334 286 332 311
4| 143 106 179 000 1.10 158 1.25 153 1.39
51038 038 070 110 0.00 267 225 264 246
6 | 3.01 263 334 158 267 000 069 028 0.29
9261 229 286 125 225 0.69 000 089 041
10 | 295 255 332 153 264 028 089 0.00 0.49
11 | 281 245 311 139 246 029 041 049 0.02 L Dit. Matrices




Example
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Cluster distances using total linkage. lteration: 3
1 2 3 4 5 9 11 12
0.00 045 053 143 038 261 281 3.01
045 000 095 1.06 038 229 245 263
053 095 000 179 070 286 311 3.34
143 106 179 000 110 125 139 158
038 038 070 110 000 225 246 267
261 229 286 125 225 000 041 089
281 245 311 139 246 041 002 049
3.01 263 334 158 267 089 049 0028

NFE OO &WN -
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T.L. Dist. Matrices




Example

Loomis

Roma

Cluster distances using total linkage. lteration: 4
2 3 4 9 11 12 13
2 [ 000 095 1.06 229 245 263 045
3/095 000 179 286 311 334 070
4106 179 000 125 139 158 143
9220 286 125 000 041 089 261
11 | 245 311 139 041 002 049 281
12 | 263 334 158 089 049 028 3.01
13| 045 070 143 261 281 301 038

T.L. Dist. Matrices
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Cluster distances using total linkage. lteration: 5

| 2 3 4 12 13 14
2000 095 1.06 263 045 245
3095 000 179 334 070 3.11
4106 179 000 158 143 139
12 | 263 334 158 028 301 089
13| 045 070 143 301 038 281
14 | 245 311 139 089 281 041

T.L. Dist. Matrices
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Cluster distances using total linkage. Iteration: 6
| 3 4 12 14 15
3000 179 334 311 095
4179 000 158 139 143
12 | 334 158 028 0.89 3.01
14 | 311 139 089 041 281
15 | 0.95 143 3.01 281 045

T.L. Dist. Matrices
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Cluster distances using total linkage. lteration: 7
| 3 4 15 16
3000 179 095 334
4179 000 143 158
15 | 0.95 1.43 045 3.01
16 | 334 158 301 0.89

T.L. Dist. Matrices
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Cluster distances using total linkage. lteration: 8
| 4 16 17
4000 158 1.79
16 | 1.58 0.89 3.34
17 | 1.79 334 0095

T.L. Dist. Matrices
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Cluster distances using total linkage. Iteration: 9
| 17 18
17 | 0.00 3.34
18 | 334 0.00

T.L. Dist. Matrices




Example
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Cluster distances using average linkage. lteration: 1

1 2 3 4 5 6 7 8 9 10
0.00 045 053 143 038 30l 280 28l 261 2095
0.45 000 0.95 1.06 038 263 243 245 229 255
053 095 000 179 070 334 310 3.11 286 332
143 106 179 000 110 158 138 139 125 153
038 038 070 110 000 267 245 246 225 2.64
301 263 334 158 267 000 029 028 069 0.28
280 243 310 138 245 029 000 002 041 048
2.81 245 311 139 246 028 002 000 041 049
261 229 286 125 225 069 041 041 000 0.89
2.95 255 332 153 264 028 048 049 0.89 0.00
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A.L. Dist. Matrices




Example
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Cluster distances using average linkage. Iteration: 2

1 2 3 4 5 6 9 10 11
1000 045 053 143 038 301 261 295 280
2045 000 095 106 038 263 229 255 244
31053 09 000 179 070 334 286 332 311
4| 143 106 179 000 1.10 158 125 153 138
51038 038 070 110 0.00 267 225 264 246
6 | 3.01 263 334 158 267 000 069 028 0.28
9261 229 286 125 225 0.69 000 089 041

10 | 295 255 332 153 264 028 089 0.00 0.48
11 | 280 244 311 138 246 028 041 048 0.01

A.L. Dist. Matrices
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Cluster distances using average linkage. lteration: 3
1 2 3 4 5 9 11 12
0.00 045 053 143 038 261 280 2098
045 000 095 1.06 038 229 244 259
053 095 000 179 070 286 311 333
143 106 179 000 110 125 138 156
038 038 070 110 000 225 246 265
261 229 286 125 225 000 041 079
2.80 244 311 138 246 041 00l 038
298 259 333 156 265 079 038 0.14

NFE OO &WN -

=

A.L. Dist. Matrices
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Cluster distances using average linkage. Iteration: 4
2 3 4 9 11 12 13
2 000 0095 106 229 244 259 041
3/095 000 179 286 311 333 062
4106 179 000 125 138 156 126
9220 28 125 000 041 079 243
11 | 244 311 138 041 001 038 263
12 | 259 333 156 079 038 014 282
13 | 041 062 126 243 263 282 019

A.L. Dist. Matrices
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Cluster distances using average linkage. Iteration: 5
| 2 3 4 9 13 14

21000 09 1.06 229 041 251
3109 000 179 286 0.62 3.22
4| 106 179 0.00 125 126 1.47
91229 286 125 0.00 243 0.60
13 |1 041 062 126 243 019 272
14 | 251 322 147 060 272 0.23

A.L. Dist. Matrices
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Cluster distances using average linkage. Iteration: 6
| 3 4 9 14 15

000 179 2386 322 0.3

179 000 125 147 120

2.86 125 0.0 060 2.38

322 147 060 023 265

073 120 238 265 027

s O P~pW
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A.L. Dist. Matrices
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Cluster distances using average linkage. lteration: 7
| 3 4 15 16
3000 179 073 3.14
4179 000 120 143
15 | 073 120 027 2.60
16 | 3.14 143 260 0.34

A.L. Dist. Matrices
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Cluster distances using average linkage. lteration: 8
| 4 16 17
4000 143 1.34
16 | 1.43 034 274
17 | 1.34 274 042

A.L. Dist. Matrices
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Cluster distances using average linkage. Iteration: 9
| 16 18
16 | 0.00 2.47
18 | 247 0.00

A.L. Dist. Matrices
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